The Guinand circle of a nonequilateral triangle has diameter GH, joining the centroid to the orthocenter. We show that the incenters of triangles with a given Euler line simply cover the interior of the Guinand circle, and that their Fermat points also lie within this circle.
Introduction
Triangle geometry is often believed to be exhausted, although both Davis [3] and Oldknow [6] have expressed the hope that the use of computers may revive it. New results do appear occasionally, such as Eppstein's recent construction of two new triangle centers [4] . This article establishes some relations among special points of the triangle, which were indeed found by using computer software.
An interesting result, discovered less than twenty years ago, is Guinand's theorem [5] , which states that the incenter I of any (nonequilateral) triangle lies inside, and the excenters lie outside, the circle whose diameter joins the centroid to the orthocenter. Guinand constructed a family of locus curves for I which cover the interior of this circle twice, showing that there are no other restrictions on the positions of the incenter with respect to the Euler line. Here we show that the Fermat point lies inside the same circle. We also construct a simpler family of curves for I, covering the interior once only except for the nine-point center N, which corresponds to the limiting case of an equilateral triangle.
The locus of the incenter
In the standard notation [1] , the basic centers of a triangle ABC are the centroid G, the orthocenter H, the incenter I, the nine-point center N, and the circumcenter O. The radii of the circumcircle and the incircle are R and r, respectively. If equilateral triangles BP C, AQC and ARB are constructed externally on the sides of the triangle ABC, then the lines AP , BQ and CR are concurrent and meet at the Fermat point T . This point minimizes the distance T A + T B + T C for triangles whose largest angle is ≤ 120
• [2] . The points O, G, N, and H lie (in that order) on the Euler line, and OG : GN : NH = 2 : 1 : 3. They are distinct unless ABC is equilateral. We shall call the circle whose diameter is GH the Guinand circle. 
Therefore, OI > 2 IN. The locus of points P for which OP = 2 P N is a circle of Apollonius; since OG = 2 GN and OH = 2 HN, this is the Guinand circle. The inequality OI > 2 IN shows that I lies in the interior of the circle [5] . Guinand also showed that the angle cosines cos A, cos B, cos C of the triangle satisfy the following cubic equation:
where OI = ρ, IN = σ and OH = κ. The relation OI > 2 IN can be observed on a computer with the software Geometer's Sketchpad r , that allows tracking of relative positions of objects as one of them is moved around the screen. Let us fix the Euler line by using a Cartesian coordinate system with O at the origin and H at (3, 0). Consequently, G = (1, 0) and N = (1.5, 0). To construct a triangle with this Euler line, we first describe the circumcircle ⊙(O, 1), centered at O with radius R > 1 -in order that G lie in the interior-and choose a point A on this circle. If AK is the median passing through A, we can determine K from the relation AG : GK = 2 : 1; then BC is the chord of the circumcircle that is bisected perpendicularly by the ray OK. 
the forbidden arc appears if and only if cos A cos B cos C < 0, that is, the triangle ABC is obtuse-angled. Once A is chosen and the triangle constructed, we can find I by drawing the angle bisectors of ABC and marking their intersection. The Geometer's Sketchpad will do this automatically, and we can also ask it to draw the locus which I traces as we move the point A around the circumcircle. The idea of parameterizing the locus curves with R, instead of an angle of the triangle (as Guinand did) was inspired by the drawing tools available in the Geometer's Sketchpad. This locus is the following quartic curve.
Theorem 1
The incenter of ABC is on the curve
Proof. From equation (2) we see that, once we fix R, the product cos A cos B cos C is fixed. Using Viète's formulas, this product is obtained from the constant term of (1):
Now, I is a point of intersection of the two circles
We get (3) by substituting these and (2) in (4), and dividing through by the common factor 1 − 8 cos A cos B cos C, which is positive since O = H (the equilateral case is excluded).
Every point on a locus curve inside the Guinand circle is the incentre of a triangle. When R > 3, the locus is a lobe entirely inside the circle; if the point A travels around the circumcircle once, then I travels around the lobe three times, since A will pass through the three vertices of each triangle with circumradius R. When 1 < R < 3, the interior portion of (3) is a kind of bell (Figure 2 ). Let A travel along the allowable arc from Y to Z, passing through V and U; then I travels along the bell from U to V , back from V to U, and then from U to V again. While A moves from V to U, the orientation of the triangle ABC is reversed. When R = 3, the locus curve closes at H and one vertex B or C also coincides with H; the triangle is right-angled. If A moves once around the circumcircle, starting and ending at H, I travels twice around the lobe. Figure 2 is a Mathematica plot of the curves (3) with the Guinand circle. Proof. Let (a, b) be inside the Guinand circle, that is,
If (a, b) also lies on one of the curves (3), then
There is only one positive value of R and thus at most one curve of the type (3) on which (a, b) can lie. Now we show (a, b) lies on at least one curve of type (3); to do that, we need to show that given (5), R > 1. We need only prove
Indeed, (2a
, 0); this point is N. It cannot lie on a locus curve (3), in fact it corresponds to the limiting case of an equilateral triangle as R → ∞.
The inequality (5) can be restated as
and (6) as
From (7) it follows that
is inside the Guinand circle; therefore, (6) is true.
3 The whereabouts of the Fermat point Proof. Given a triangle ABC with the largest angle at A, we can take a coordinate system with BC as the x-axis and A on the y-axis. 
One way to verify this inequality is to feed the equations (9) into Mathematica, which expands and factors the left hand side of (11) and could be zero only if a 2 = 3bc and b = c, so that a = √ 3 b. This gives an equilateral triangle with side 2b. Since the equilateral case is excluded, all the factors are positive, which shows that (11) is true, and therefore (10) holds.
